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Abstract 
In this paper we present importance of depolarization effects modeling to fit spectroscopic Mueller matrix 
ellipsometry data. The relevant theoretical background based on Mueller matrix formalism is presented. The sample 
of SiO2 layer (approx. 1µm thick) on silicon substrate is used to demonstrate depolarization effects in obtained 
experimental data. In the first step the presence of interferences in the layer is used for modeling of depolarization 
effects caused by finite spectral resolution of the Mueller matrix ellipsometer. In the next step the depolarization 
caused by focusing of the probe light is analyzed and modeled. Both finite spectral resolution and beam focusing is a 
common issue in the optical characterization of samples with lateral dimensions smaller than (commonly used) 
collimated beam. Therefore to fit experimental data with model it is important to assume those depolarization effect 
into model.   
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the VŠB - Technical University of Ostrava, Faculty of Metallurgy and 
Materials Engineering. 
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1. Introduction 
Nowadays, the development of lithographic method allows production of very complex periodic structures, e.g. 
photonics crystals, plasmonic gratings, etc. But the lateral dimensions of many structures are very small, in order of 
tens of hundreds of micrometers. Those structures are commonly characterized by optical methods: reflectivity, 
transmission, ellipsometry, and polarimetry or Mueller matrix spectroscopy. In experimental data from optical 
methods based on light-polarization the depolarization may occur. The depolarization originates from incoherent 
superposition of different polarization states transmitting or reflecting from the sample. The depolarization effects 
6 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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could come from the apparatus itself or/and from a measured structure. We can summarize the physical phenomena 
that generate partially polarized light as follows [Fujiwara (2007)]: (a)-incident angle variation originating from 
focusing of the probe light, (b)-wavelength variation caused by the finite spectral resolution of the monochromator, 
(c)-surface light scattering caused by a large surface roughness of a sample, (d)-thickness inhomogeneity of layers in 
the structure, (e)-backside reflection in a thick substrate. 
In our paper we are focused on issues (a) and (b), depolarization caused by focused beam and finite spectral 
resolution of monochromator. The main motivation for the study of depolarization effect due to focused beam is 
directly related to the problem of characterization of nanostructures with lateral dimension smaller than beam spot. 
Therefore there are three possible approaches how to obtain (and model) experimental data. In first the size of 
collimated beam may be reduced by iris diaphragm, but the signal to noise ratio is reduced. Second way is to 
measure and to model system where the beam illuminates the structure and substrate. Therefore experimental data 
contains depolarization caused by both contributions of optical response from the structure and the substrate. Such a 
system may be modeled by Mueller matrix as a weighted sum of Mueller matrices from structure and substrate 
calculated separately [Foldyna (2009)]. The third option, discussed in this paper, is to reduce spot size by the 
focusing lens. In this case the intensity of beam is (almost) unaffected, but the measured data represents sum of data 
related to all incidence angles over the divergence of the focused beam and are weighted with spatial intensity 
distribution [Halagacka (2014)].  
The study is further improved by analysis of is analysis of depolarization effects caused by finite spectral 
resolution of used experimental setup [issue (b)]. The light diffracted by a grating monochromator has a finite 
bandwidth and thus different wavelengths are measured simultaneously by the single light detector element. If the 
bandwidth of the monochromator is too broad, depolarization occurs due to the wavelength dependence of the 
optical properties of the sample.   
The paper is organized as follows. Section 2 introduces the experimental setup, Mueller matrix ellipsometer and 
studied samples. A brief summary of the theory necessary for modeling of our samples, definition depolarization, 
and introduction functions used for depolarization modeling is presented. Section 3 shows the results of 
depolarization modeling and fitting in two steps. In the first, the data measured without focusing probes (with 
collimated beam) are used to fit finite spectral resolution. In the second step, experimental data measured with the 
focusing optics are fitted in order to determine contribution of focusing optics to the depolarization. In the second 
step the model contains already determined depolarization from finite spectral resolution. 
 
2. Experimental configuration and theory 
Ellipsometric spectra were obtained in spectral range from 0.74eV to 6.42eV using Woolam RC2-DI two rotating 
compensator ellipsometer [Collins (1999)]. The ellipsometer consist of light source (halogen bulb and deuterium 
lamp), polarizer, first rotating compensator, sample, second rotating compensator, analyzer and diffraction grating 
with CCD array detector.  In addition focusing probes have been used to focus beam spot to the samples. Figure 1 
shows ellipsometer schematically. For optical characterization of small samples, focusing optics can be installed. 
The focal length of the lenses is 27 mm and the diameter of the spot is 150 µm. 
 
 
 
 
 
 
 
 
 
 
 
 
The reflectivity of non-depolarizing optical system can be described by the  Jones matrix formalism [Jones 
(1947)]: 
Figure 1: Ellipsometer configuration is shown schematically. 
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            (1) 
 
In case of depolarization in the system, more general approach of the  Mueller matrix is needed. The Mueller 
matrix has generally sixteen independent components, which is much more than six independent parameters from 
the Jones matrix (or generalized ellipsometry). On the other hand in the case of non-depolarizing systems the 
Mueller matrix and Jones matrix formalism are equivalent [Kim (1987)] and the Mueller matrix can be directly 
calculated from Jones matrix [Azzam (1997)]: 
   
   
   
   
       (2) 
 
where the symbol  denotes the Kronecker product and the matrix A is defined as: 
 
   
   
   
   
.      (3) 
In case of system without mode conversion the Mueller matrix M (2) is block-diagonal and the following notation is 
used:                The depolarization index is calculated 
from Mueller matrix as follows [Gil (1985)]: 
   


          (4) 
 
where Tr indicates algebraic trace operator. The depolarization index P varies from 0, for a perfect depolarizer (only 
if  is nonzero) to 1, for non-depolarizing matrices. 
In the inverse analysis (fitting procedure) a difference between experimental and simulated data is minimize by a 
model optimization. Depending on the data, the expression of the function is different. For normalized Mueller 
matrix data the  is defined as follows: 
  
  

      (5) 
where 15 denotes fifteen components on the Mueller matrix and, K denotes total number of spectral points (k 
denotes individual spectral point) and  denotes experimental errors (  , specified by equipment 
manufacturer). A local minimum of the different  functions is search for using a combination of Levenberg-
Marquardt least square algorithm [Marquardt (1963)] and SIMPLEX [Dantzig (1955)]. 
To analyze and separate the origin of the depolarizations we have performed experiments and data analysis 
measured on a reference sample of a thick thermal SiO2 layer (  ) on a silicon substrate. To fit 
experimental data a model of the sample containing surface roughness (airSiO2, denoted as), and SiO2 layer 
on a silicon substrate was used.  Optical functions of these materials were taken as constants [Herzinger (1998)]. 
Surface roughness used in models have been simulated using the Bruggeman effective medium approximation 
(BEMA) with the fixed volume fraction f=0.5 [Aspnes (1982)]. 
 
3. Results on measurements and depolarization modeling 
3.1. Depolarization from finite spectral resolution 
The light diffracted by a grating monochromator has a finite bandwidth and thus different wavelengths are 
measured simultaneously by the single light detector element. If the bandwidth of the monochromator is too broad, 
depolarization occurs due to the wavelength dependence of the optical properties of the sample. The normalized 
Gaussian distribution of the wavelengths around a chosen spectral point λ0 with standard deviation σw is assumed 
[Foldyna (2009)]. Modeling of the finite spectral resolution (FSR) requires discretization of the spectral range 
around λ0 and calculation of the optical response at all specific wavelengths weighted by corresponding distribution 
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function. For the tabulated optical functions of the used materials we have used a linear spline to obtain proper 
values at any wavelength. By numerical test we found, that the use of only three spectral points is sufficient to 
describe depolarization effect from the finite bandwidth. The use of only three spectral points, namely λ0-σw, λ0, and 
λ0+σw, significantly reduces calculation time. 
 
 
 
 
 
Model of the structure assuming the finite spectral resolution was fitted. Figure 2 compares best fits obtained for 
model with and without assumption of finite spectral resolution. The effect is clearly demonstrated on depolarization 
on the left subplot. Even such a small difference in Mueller matrix component leads to significant depolarization 
observed in experimental data. . The right subplot shows how assumption of finite spectral resolution leads to 
decrease of sharp interferences peaks. Table 1 summarizes parameters of the model, fitted parameters are 
emphasized as bold symbols. Note how the assumption of the finite spectral resolution leads to better fit, decreese of 
the χ2 from 15.4 to 5.4.  
 
Table 1. The best fit parameters. 
Model: noFSR FSR 
χ2 15.4 5.4 
σ2 (nm) 0 1.2±0.02 
hrough. (nm) 8.3±0.36 5.0±0.25 
hSiO2 (nm) 1003.2±0.32 1005.7±0.17 
φ0 (degree) 59.7±0.04 59.9±0.02 
 
 
3.2. Depolarization from focused beam 
In the next step the depolarization effect of focusing of incident beam [focusing optics, (FO)] is analyzed together 
with the effect of the finite spectral resolution. If a beam of the apparatus is focused, the measured Mueller matrix is 
a superposition of all angles of incidence around the central angle ϕ0 weighted by the spatial intensity distribution of 
the beam. In order to be able to simulate the effect we assume discretization of partial angles of incidence and 
weight by the normalized Gaussian distribution with standard deviation ϕs, which is expected to be distribution of 
the light intensity. According to our numerical experiments an assumption of 11 partial beams within the equidistant 
interval from    to     is sufficient to describe the depolarization effect from the focused beam. The 
weight coefficients wi related to each partial perturbation of the incident angle       are defined as: 
     

       (6) 
Figure 2: Left: Fit of Mueller matrix component N  with (solid red) and without (dashed green) finite spectral resolution (FSR).  
Right: Comparison between measured depolarization and calculated one from originating from finite spectral resolution. 
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Model of the structure assuming the finite spectral resolution and model extended with focussed beam have been 
fitted and compared. Figure 3 compares best fits obtained for model assuming only finite spectral resolution and the 
best fit with model with focused beam simulations. The left subplot demonstrates how assumption of focussing 
together with FSR leads to better matching between measured and calculated depolarization, note very good 
matching for the photon energy below 3 eV. Even such a small difference in Mueller matrix component N (right 
subplot) leads to significant depolarization observed in experimental data. Table 2 summarizes parameters of the 
best fit, fitted parameters are emphasized as bold symbols. Note how the assumption of the finite spectral resolution 
leads to better fit, decreese of the χ2 from 9.5 to 7.1.  
 
Table 2. The best fit parameters. 
Model: FO -noFSR FO+FSR 
χ2 9.5 7.1 
σ2 (nm) 0 1.2 
hrough. (nm) 8.4±0.38 6.9±0.34 
hSiO2 (nm) 1003.9±0.23 1004.2±0.21 
φ0 (degree) 60.1±0.04 60.1±0.03 
ϕs (degree) 2.8±0.02 2.4±0.02 
 
 
 
 
 
4. Conclusions 
In this work, we have demonstrated experimentally the depolarization effect occurring in Mueller matrix date 
from the finite spectral resolution and beam focusing. The effects were demonstrated by the measurements of the 
interferences in thick SiO2 layer on the silicon substrate.  
The analysis of depolarization effect was presented in two steps. In the first, the finite spectral resolution of the 
detector was investigated by the fitting procedure in order to obtain matching between experimental and numerical 
data. In the second step the depolarizations from beam focusing were investigated. Moreover it was demonstrated 
how it is important to include both depolarization contributions from finite spectral resolution and beam focusing to 
obtain good matching of the model with experimental data. 
Figure 3: Comparison between model assuming only finite spectral resolution (dashed green line) and model extended by 
focused beam assumption (solid red line). Numerical data are compared with experimental (blue circles): Mueller matrix 
component $N$ (left subplot), depolarization (right). 
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We believe this investigation of the depolarization effects may be important for future study of systems where the 
beam focusing is necessary due to sample size and where the measured optical data contain sharp peaks (as was 
presented on interferences). 
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